DECEMBER 1991

the second part of Eq. (19) can be written as vector equations
with the definition of Eq. (12). Note that D is zero and that
we need to solve only two vector equations:

al,= D, aFy= D, 20)
2) With w and F known from step 1, compute
Aj=A;-ETF 1
and
ry=r,-ETw 22
and then solve
Ajd,= 1 (23)

which can be done easily since 4 j is a 3 X 3 matrix, and it is
simple to solve a 3 X 3 system to obtain ¢ ;.
3) Now compute

A=w-Fs, 24)

The above-described algorithm has been applied to prob-
lems where the Mechul function approach had been required
previously. The results have shown it to be more convenient to
use with considerable savings of computer time. It can be
expected that these savings will be even greater for problems
involving a larger number of differential equations.
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Stratified Flow Around an
Axisymmetric Body at Small
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Background

HE characterization of the internal wavefield produced
by the wake of a vehicle moving in a stratified fluid is a
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problem in statistics. The recognition that the wavefield con-
tains a prominent random component, generated by wake
turbulence, led to the application of experimental methods
based on ensemble averaging so that both the stochastic radia-
tion and the mean properties of the wavefield could be de-
scribed. For convenience of study, the mean properties can be
thought to be built from a number of separate sources: body
displacement, wake collapse (i.e., a sudden flattening of the
wake by hydrostatic forces), propeller swirl, and hydrody-
namic lift. In reality, all are coupled in a complicated manner,
and shuffle in relative importance as operating conditions
change.

The first published results from the ensemble testing pro-
gram appeared in Ref. 1. These results not only confirmed the
importance of the turbulence-generated random internal
wavefield, but among other things, they revealed the existence
of a sizable propeller-induced wavefield. This particular com-
ponent was isolated by reducing the mean wavefield into even
and odd parts (with respect to the axis of travel) and associat-
ing the antisymmetric part with propeller influences. Here we
will be interested in the average symmetric wavefield only, so
these influences must be removed. Nominally, all of the tests
reported in Ref. 1 were conducted at zero angle of attack, and,
in the present context, they serve as a baseline for studying the
added effects of hydrodynamic lift.

When an axisymmetric body moves at an angle of attack, it
generates lift even in the absence of wings or control surfaces.
At large angle of attack (say a>5 deg), the resulting circula-
tion can be considered to be deposited into the wake in the
form of a turbulent vortex pair. This description is unlikely to
be completely adequate at the small incidence angles of inter-
est here—the vorticity being more distributed. However, re-
gardless of the details, net vertical momentum is imparted to
the wake, altering both its dynamic and kinematic develop-
ment, and, in particular, its capacity to generate internal waves.

Existing analytical procedures for estimating the lift coeffi-
cient (C;) of a streamlined, axisymmetric body as a function
of its angle of attack cannot be criticized for being overly
refined. At one extreme, slender body theory predicts the lift
coefficient to be zero, which obviously is of no help in formu-
lating a forcing mechanism for wave theory. The state of the
subject is summarized in Ref. 2, where one is discouraged to
find that estimates of C; can differ by more than a factor of
2. This circumstance naturally presents difficulties in compar-
ing theory and experiment, but we will see that choosing an
intermediate value of C; appears to produce reasonable results.

An approximate theoretical description of the kinematics of
a turbulent mass with vertical momentum, rising in a stratified
medium, has been given by Tulin and Shwartz? using similar-
ity arguments. Although this theory is rudimentary and some-
what removed from the present flow situation, it has the virtue
of being simple and, for this reason, was the first candidate
examined.

Results and Discussion
Internal Wave Experiments

The experiments were conducted in the 30-ft towing basin at
the Applied Physics Laboratory Hydrodynamics Research
Laboratory. The testing procedure are described fully in Ref.
1, where it is noted that extraordinary care was needed to
assure that the test conditions were very nearly identical for
each member of the ensemble. Measurements in the (determin-
istic) potential flow region indicated that the standard error in
vertical displacement was only 0.1% of the vehicle diameter.
For the present tests, the single-electrode conductivity probes,
used for measuring vertical displacements, were arranged as
shown in Fig. 1. This figure also defines the coordinate system.

The test vehicle (12:1 fineness ratio) was operated at an
average angle of attack of — 2.0 deg (nose down). The present
ensemble consisted of 20 individual runs at an internal Froude
number (F) of 52, where F =27V /ND and N2 = —g/p(dp/
dz)(Nis the Brunt-Vaisala frequency). The ensemble-averaged
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Fig. 1 Probe array configuration and definition of wake variables.

0.05 T T T

EXPERIMENT
wu’&i oo,
age evve THEQRY A o° °
E;E 0 oaSTe o AR ° s
—Sws ° [ = ° °
i3 e TN
52— G0
<32
-3.05 L L { I i
0 0.5 1.0 18 2.0 285 3.0

TIME (BRUNT-VAISALA PERIODS)

Fig. 2 Comparison of difference waveform to theory at y/D =1.0.

vertical displacement records were reduced into even and odd
parts according to

6=12[6(y) £ 6(-y)]

where addition is associated with the even component and
subtraction with the odd component.

At small angles of attack, the total vertical force coefficient
for an axisymmetric body can be estimated by?

Cy = [Cp + 8k(67 /D) — o & + [(4/m)ndCpcla’

where

Cp = body drag coefficient, based on cross-sectional area
K = ratio of effective base area to wake displacement area
&7 = displacement thickness of boundary layer at body tail
) = body length

o = angle of attack

D = maximum body diameter

n  =body shape factor, =2|,(/D)d(x/1)

¢ = fineness ratio, //D

Cpc = crossflow drag coefficient, based on maximum body

diameter

When defensible estimates are made for the empirical parame-
ters, x and Cpc, the force coefficient for « = —2 deg varies
between 0.036 and 0.085; but the values that seem in best
agreement with the preponderance of existing data lead to
Cy = 0.057, which is near the median of the range. In the
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Fig. 3 Comparison of ensemble-averaged wake heights with and
without lift.
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work reported here, this number was used to compute the
strength of the vertical force distribution used in the linear
theory for the wavefield, assuming a ‘‘horseshoe’’ vortex con-
figuration. An outline of the general theory is given in Ref. 1.

Since one expects the lift contribution to be symmetric with
respect to the axis of travel, an estimate of this contribution
can be obtained by forming the difference between the even
parts of wave records obtained with and without lift at the
same Froude number. Presumably, the remainder is free of
contributions from body displacement and from the portion
of mean wake-generated waves not associated with lift (cf.
Ref. 1). Figure 2 shows the results of this subtraction proce-
dure for probes located one body diameter off track. The
lowermost solid line is the experimental difference waveform,
and the circles symbolize the theoretical prediction obtained
using linear theory. Note the reasonably good correspondence
in maximum amplitude but little resemblance in spatial pattern.

Turbulent Wake Experiments

Figure 1 serves to define the geometrical variables used in
studying the average evolution of the turbulent wake. The
experimental data given in Fig. 3 were obtained by computing
ensemble averages of digitized shadowgraph records. Note
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that, when defined according to Fig. 1, the maximum wake
radius, as well as the extent of wake collapse, is little affected
by the presence of lift.

The wake centerline reaches its maximum excursion prior to
the point of collapse. This result can be shown in an interest-
ing way by plotting the wake half-height () as a function of
the centerline deflection (Az), as illustrated in Fig. 4. For
self-similar flow in homogeneous surroundings, this plot
would take the form of a straight line, with the slope being the
so-called entrainment coefficient (3).

Space limitations do not permit a full discussion here of the
Tulin-Shwartz similarity theory for turbulent vortex pairs.? It
must suffice to point out that, if one chooses to ignore dissipa-
tion and asserts that the initial net buoyancy of the turbulent
mass is zero, the problem reduces to an ordinary differential
equation whose solution can be constructed formally from
elliptic functions. This equation can be simplified even further
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Fig. 4 Wake height vs centerline deflection.
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for cases in which buoyancy forces dominate (the situation of
interest at early wake ages), which leads to

dn "
¥y (1-3By)
where
7 =(z/z9)—1
E = Wot / 20
wy = vertical velocity at # =0
z = location of wake centerline with respect to a virtual
origin
20 =z@t=0
B = (2k/3k) (2N /wo)
k = coefficient of virtual potential energy
K = coefficient of virtual kinetic energy

The solution of this equation is

_; zlz@)
=T \e

so the turbulent mass behaves as a ““particle” subject to the
acceleration (—3B/2). This simple result predicts that

('q/?),, = e = 0.5
From the experimental results, we estimate that
/1), = Ty = 0+55

Figure 5 compares two solutions for the centerline trajec-
tory to experimental results. Given an experimental determi-
nation of the wake radius and initial vertical velocity, two
empirical parameters are required for these solutions, 8 and
k/K. We can expect the values of these parameters to vary
from one class of flow to another, but if one blindly applies
the values for these two parameters reported in Ref. 3, the
dashed curve results, leading to a reasonable prediction of the
maximum centerline excursion. Conversely, we can use the
experimental data to determine k/K by requiring the maxi-
mum excursion to be matched. One solution of this type
(denoted by the solid line in Fig. 5) leads to the estimate
k/K = 0.12, as contrasted to the value 0.25 reported for the
vortex pairs studied in Ref. 3. This result implies a higher
kinetic energy content in the case under study here.

In the absence of some generality in the empiricism, the
application of the Tulin-Shwartz theory amounts to an exer-
cise in curve fitting, and the room for improvement is obvi-
ously large; however, the theory at least provides a means for
making simple estimates of the early wake trajectory, armed
only with a rough idea of the magnitudes of the parameters
involved.

Summary and Conclusions

Available analytical methods do not permit the lift coeffi-
cient (C;) of an axisymmetric body to be established within a
factor of about 2.5. The present results, however, indicate that
using the median value for C;, together with a simple horse-
shoe vortex lift model, yields a surprisingly good prediction of
the maximum amplitude of lift-generated internal waves when
linear propagation theory is applied. Although, at first ap-
pearance, the amplitude is predicted adequately, the spatial
patterns of the theoretical and experimental wave records are
considerably different, which perhaps indicates that the mod-
eling of the spatial distribution of the lift force needs to be
improved. .

When plotted with respect to its own centerline, the vertical
geometry of a stratified turbulent wake does not appear to be
affected strongly by lift. The maximum wake height and ex-
tent of collapse are nearly the same for lifting and non-lifting
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cases. This finding may suggest that, at small angles of attack,
lift and wake-collapse sources of internal wave generation
might be usefully considered as uncoupled.

The early trajectory of the wake centerline is fairly well
predicted by the self-similar theory of Tulin and Shwartz,
using reasonable values for the empirical parameters involved.
The maximum excursion occurs prior to the onset of collapse.
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Introduction

T has been well recognized that the generation of surface

grids for complex configurations requires a great deal of
human labor, although the computational expense of setting
up surface grids may not be prohibitive. Naturally, effective
generation of surface grids has been the subject of consider-
able attention in the literature. The general methods to pro-
duce the grids for three-dimensional flowfields are numerous;
however, the present capabilities of generating the surface
grids are limited in scope and versatility. At this time, the
generation techniques for surface grids are of two general
types: 1) numerical solution of partial differential equations
(PDE) and 2) algebraic interpolation. In general, both systems
treat generating the surface grid as a two-dimensional bound-
ary-value problem on a curved surface, which is specified by a
quadrangular patch through the use of surface parametric
coordinates. The generation of the surface grid is accom-
plished over several stages. First, the Cartesian coordinate
values r;; of the boundary points on the four edges of the
surface grid are specified, converting these values to the sur-
face parametric coordinate values (u;;, v;;) on the edges.
Then, the interior values in the array u; ; and v;; from the edge
values are determined by interpolation or PDE solution. Fi-
nally, these parametric coordinate values are converted to the
Cartesian coordinates #;;. This procedure requires a well-
structured surface for the input data. In view of this stringent
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requirement, conventional surface grid generation is ineffi-
cient and laborious. In practice, the preparation of a large
amount of input data is an extremely time-consuming task.
The geometry data for complex configurations, which are
often utilized in engineering applications, are customarily pro-
duced by use of a computer-aided design (CAD) system. Un-
der idealized conditions, accurate input data for the surface
definition would be available directly from the CAD package.
However, in reality, the currently existing CAD software pro-
grams are, by and large, incapable of providing this vital
information. At the present level of development, a series of
cross sections, i.e., the one-dimensional arrays of x, y, and z
coordinates, are usually extracted from the CAD package. It is
important to note that these data are primitive or raw. The
points sets or distributions vary widely among cross sections.
The conventional surface grid generator neceds a quadrangular
patch for the input data of the geometry definition as men-
tioned earlier; these primitive data must be grouped into quad-
rangular patches, which constitute the basis for a global patch.
For this purpose, several data processors, which use some
forms of interpolation, have been developed.!-? However, it is
difficult to connect the local patches and to lap a quadrangu-
lar patch around the computationally complex geometry. This
geometry does not necessarily represent a whole body, but it
denotes a surface in which one coordinate is kept constant. If
the local patches cannot be connected into a global patch, the
grids are generated on each local patch, and then these grids
can be combined. Therefore, to ensure continuity of the slope
and curvature between each block, special treatments are es-
sential. -

It is easier and more flexible to describe a complicated
geometry by plural polygonal surface patches (referred to as
the unstructured grid) rather than by a quadrangular patch.
Consequently, it would be highly advantageous if a way could
be found in which the unstructured grid could be utilized
directly for surface grid generation. From this point of view,
investigations have been pursued to devise a scheme based on
the unstructured grid. In the present study, the basic idea of
constructing the surface grid is similar to the two-dimensional
grid generation technique of Rao et al.’> They proposed a
methodology using Laplace’s equations, which are solved in
the physical domain using the finite element technique. The
curvilinear coordinate lines are constructed by utilizing the
interpolation functions applicable within each element, and
the grid inside the solution domain is produced. Thus, in
contrast to the well-known elliptic grid generation equations
solved in the computational domain,* the method of Ref. 3
avoids the need to solve nonlinear equations, and the orthogo-
nality is satisfied. The implementation of the Dirichlet or
Neumann boundary conditions, which relate to the grid spac-
ing and the slope of grid lines at the boundary, is straightfor-
ward. Reference 3 employed the quadrangular element, and
no efforts were made to create the structured grid from the
unstructured grid. Rao et al. point out only the advantage of
solving the Laplace equations in the physical domain. In the
present work, the unstructured grid is introduced to solve
Laplace’s equations. This unstructured grid specifies the
three-dimensional surfaces. The curvilinear coordinate lines
are drawn by searching for the contours inside the solution
domain, i.e., the three-dimensional surfaces, to produce the
surface grids. By introducing the weighting function, as as-
serted by Thompson et al.,* the grid space control is also
achieved.

Model

Finite Element Solution Procedure

The following PDEs are mapped and solved by a finite
element method on the unstructured grid:
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